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I. INTRODUCTION
Inspired by synthetic aperture radar techniques, synthetic aperture ultrasound imaging has been investigated thoroughly for many years. In synthetic transmit aperture (STA) imaging a single element is used in transmit to create a spherical wave that propagates in all directions. In receive a multielement aperture is applied. The backscattered signals come from all imaging points and can be used to construct a lowresolution image (LRI), hence an image constructed from a single emission. Several emissions from single elements across the aperture can be used to create several LRI's which can be added into a high-resolution image (HRI). In the monostatic approach [1] the same element serves as a transmitter and a receiver. Variations of synthetic transmit aperture and sparse synthetic aperture techniques has been investigated with improvements in both frame rate, penetration, and lateral resolution. A synthetic aperture technique suitable for a hand held system using a multi-element transmit and receive aperture was described by Karaman et al. [2] . Lockwood and Hazard described a sparse synthetic aperture beamforming technique for three-dimensional ultrasound imaging using a few transmit pulses for each image [3] , [4] . A synthetic aperture method for a circular aperture was investigated by O'Donnell and Thomas [5] . The concept of using the transmit focal point as a virtual aperture was introduced by Passmann and Ermert [6] . Virtual sources in synthetic aperture focusing (SAF) was further investigated by Frazier and OBrien [7] , Nikolov and Jensen [8] , [9] , and Bae and Jeong [10] .
This paper applies the concept of virtual sources and synthetic aperture techniques to 2-dimensional imaging with a single rotating mechanically focused concave element. Such an imaging system can e.g. be found in an anorectal ultrasound transducer. With such a transducer emission and reception are done while the transducer element continuously rotates and the received RF signals are stored. It is proposed to apply monostatic synthetic aperture focusing (SAF) on these data with the objective of improving lateral resolution and signal-to-noise ratio (SNR). This is investigated using simulations in Field II [11] , [12] and SAF is carried out using the Beamformation Toolbox, BFT2 [13] . Images of point targets are created and the radial and angular resolution in the polar coordinate system is extracted. The potential improvement in SNR is also evaluated. The SAF method is described in Section II. The simulation setup and simulation results are found in Section III, and the investigation is concluded in Section IV.
II. METHOD
In the mono-static case of linear array SAF, a single element is used in both transmit and receive. The transmitting element can be considered a point source emitting a spherical wave. The wave traverses all image points and an entire LRI can be formed after each emission. Several emissions from across the aperture can be used to construct a HRI. The HRI has a better resolution than the LRI, since the multiple emissions synthesize an effective aperture of a certain lateral width.
This focusing scheme can not directly be applied to imaging with a rotating mechanically focused element. To begin with the lateral translation of the transmit source is smaller for the rotating system than for the linear array making the synthesized width of the aperture smaller. Secondly the concave rotating element can not be considered a point source because of the physical extent of the element and the geometrical focusing due to the concave shape. Instead the geometrical focal point can be considered as a point source emitting a spherical wave in a limited angular region. The focal depth of the transducer element or more exact the focusing F # determines the opening angle, hence the width of the wave field and the point spread function (PSF). An illustration of propagating waves from 3 different emissions is shown in Fig. 1 for a transducer element with a focal depth of 10 mm. A LRI of the entire imaging area can not be formed after each emission due to the spatially limited wave propagation. Instead, for each image point in a high resolution image line (HRL) it must be determined which emissions that have a wave field that encompasses the image point. These emissions contribute to the HRL, and samples from each of them are selected according to the SAF delays, and added together. In other words a single HRL is composed of the sum of a number of low resolution lines (LRL). A single LRL is, thus, the contribution from a given emission to a HRL. The term LRL is used for an RF-line which have been processed using SAF and which contains at least one non-zero sample which carries information of one of the image points of the HRL.
The SAF can be formulated as a sum over LRL. A single sample of the HRL, representing the image point at the location r ip with angular coordinate φ and radial coordinate r becomes
where h(φ, r) is the HRL sample, and l θ (r) is the LRL sample from the emission with propagation direction θ. Both with radial coordinate r. The variable A is an apodization function which controls the weighting of the contribution from each of the LRL. It is a function a the radial coordinate, since the number of contributing emissions increases with range. The synthesized aperture increases with range resulting in a less range dependent lateral resolution. The LRL can be formulated using the RF-line, s θ (r )
r is the radial coordinate at which to select a sample from the RF-line and is not the same radial coordinate as in the HRL.
r can be found from the distance function, r = d( r v θ , r ip ) which calculates the transmit-receive time-of-flight for the SAF, and thus the sample index for the RF-line, s θ (r ). The transducer element at the position r t θ is physically focused at the VS at the position r v θ with a focal distance of d v from the element. The element is focused in both transmit and receive and the distance function becomes a sum of transmit and receive travel paths
The ± in (3) refer to whether the image point is above or below the VS. A single sample of the HRL can thus be formulated using (1) and (2) 
A single element of limited extent can be considered as a wave source emitting a spherical wave, which will cover the entire image area. With complete overlap between the covered image areas all emission can be utilized to create a HRI. Having a physically focused transducer element the VS is conceived as the wave source. With a transducer element of fixed size the focal depth determines the opening angle, α and the confined image area covered by the wave field. The consequence is that not all emissions can be utilized to create a HRI. Having a rotating element instead of a translating element even further limits the number of applicable emissions. From geometrical observation the opening angle can be expressed as α = arctan
, which is a valid approximation [14] . The confined image area covered by the wave field is, thus, a function of the F # . With a higher F # the point spread function becomes narrower improving the resolution for the single RFline. This portrays a conflict between using a low F # and adding a large number of LRL, and using a high F # and reducing the number of applied LRL. Performance results for these different configurations are presented in Section III.
III. SIMULATION RESULTS
The SAF scheme is investigated using Field II [11] , [12] . The simulations are based on moving a single concave element of radius 2.5 mm along a circle of radius 10 mm. Elements with different concave curvatures are used to obtain geometrical focusing depths at 10 mm, 15 mm, and 20 mm. The scattering media consists of point targets (PT) in the range from 5 mm to 65 mm with a distance of 10 mm. The transducer element is rotated with a fixed angle of 0.63
• corresponding to moving the element λ/2 between each acquisition. It is assumed that the transducer element is not moving during emission and reception. The 7 MHz pulse, and the one-way impulse response are weighted single-cycle sinusoids.
The envelope HRI's are shown in this section. The radial and angular resolution are extracted at -6 dB and -40 dB. For each PT the resolution is calculated as the width at which the envelope amplitude has decreased to the specified level relative to the maximum level at that given PT. For the lateral resolution the envelope amplitude is taken as the maximum amplitude within a radial range of ± 3 mm around the PT. Likewise for the radial resolution the envelope amplitude is taken as the maximum amplitude across the entire angular range of the image.
The variable A from (4) controls the weighting of the contribution from each of the LRL and is a function a the radial coordinate. The actual number of contributing LRL is shown in Fig. 2 for the transducer elements with focusing depths at 10 mm, 15 mm, and 20 mm. As the focal depth increases, and the opening angle decreases, the number of contributing LRL decreases. Images with different setups are shown in Fig. 3 . In the first three images the focusing depths of the element are 10 mm, 15 mm, and 20 mm, respectively and SAF has been applied. In the last image the element has a focusing depths of 20 mm and SAF is not applied. The differences between the images are better demonstrated in Fig. 4 where the radial and angular resolution are extracted. The performance of the setup with a VS at 20 mm is superior to the other setups. This reflects the conflict stated earlier between using a low F # and adding a large number of LRL, and using a high F # and reducing the number of LRL. Due to the rotation the synthesized aperture only experiences a moderate expansion even for the setup with a focal depth of 10 mm. The modest expansion is not sufficient to reduce the extent of the wide point spread function of a single emission. At least not to a level which is competitive to the relatively narrow PSF of the setup with focal depth at 20 mm. The effect of SAF with focal depth at 20 mm is negligible. This is also caused by the small number of LRL. Only 15 LRL are used at a range of 70 mm as shown in Fig. 2 .
The SAF technique rely on phase coherent addition of the LRL. The LRL's composing the center HRL around the PT at 35 mm are plotted in Fig. 5 . The setup is with an element with focal depth of 10 mm. It is apparent that the LRL's are completely phase aligned and add up constructively.
Provided that the image object does not move in between acquisitions and assuming uncorrelated electronic noise at the receivers the SNR improvement using SAF is ∆SN R(r) = 10 log 10 (N rv (r)) . N rv (r) is the number of emissions which contributes to the HRL for a transducer element with a VS at radius r v as shown in Fig. 2 . With a VS at 20 mm N rv (r) = 13 at radius, r = 60 mm. This yields a SAF SNR improvement of ∆SN R = 11 dB. With a lower F # the number of contributing emissions increases, but the width of the wave field does also increase. Provided that the transmitted power is equally distributed over the width of the field, the SAF SNR improvement of a setup with a VS at radius r v over conventional imaging with a VS at 20 mm can be expressed as
W r20 and W rv are the -6 dB widths of the wave fields 
IV. CONCLUSION
Through simulations in Field II mono-static synthetic aperture focusing of pulse-echo data from a rotating concave element has been investigated. The radial and angular resolution have been extracted using transducer elements with a focal depth of 10 mm, 15 mm, and 20 mm. Due to the rotation, the synthesized aperture only experiences a moderate expansion. This is not sufficient to reduce the extent of the wide point spread function of a single emission. At least not to a level which is competitive to the relatively narrow PSF of the setup with focal depth at 20 mm. The effect of SAF with focal depth at 20 mm is also negligible due to the small number of LRL added.
The advantage of the SAF is the increase in SNR. For the setup with focal depth at 20 mm the SAF SNR gain is 11 dB. The SNR gain of a setup with a VS at radius 10 mm or 15 mm over conventional imaging with a VS at 20 mm is also 11 dB. The SNR improvement can be converted directly to an increase in penetration or an increase in emitted frequency yielding a higher resolution.
